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NEW EXAMPLES OF NON-SYMMETRIC EINSTEIN SOLVMANIFOLDS OF
NEGATIVE RICCI CURVATURE
MEGAN M. KERR
Abstract. We obtain new examples of non-symmetric Einstein solvmanifolds by combining two
techniques. In [T2], H. Tamaru constructs new attached solvmanifolds, which are submanifolds of
the solvmanifolds corresponding to noncompact symmetric spaces, endowed with a natural metric.
Extending this construction, we apply it to associated solvmanifolds, described in [GK], obtained
by modifying the algebraic structure of the solvable Lie algebras corresponding to noncompact
symmetric spaces. Our new examples are Einstein solvmanifolds with nilradicals of high nilpotency,
which are geometrically distinct from noncompact symmetric spaces and their submanifolds.
1. Introduction
In this paper we construct new examples of solvmanifolds of constant negative Ricci curvature.
These spaces provide many explicit new examples of homogeneous Einstein manifolds that are
neither the solvmanifolds corresponding to noncompact symmetric spaces, nor their submanifolds.
We obtain our examples by extending the method of H. Tamaru in [T2], in which, via parabolic
subalgebras of semisimple Lie algebras, he builds solvable subalgebras by choosing a subset Λ′ of the
set Λ of simple roots. Tamaru proves that the solvable subalgebra of the restricted root system, sΛ′ ,
given a natural inner product, called an attached solvmanifold, is in fact an Einstein solvmanifold.
We combine this with a method introduced by C. S. Gordon and the author in [GK] to construct
Einstein solvmanifolds which are associated (but not isometric) to the Einstein solvable Lie groups
corresponding to higher rank, irreducible symmetric spaces of noncompact type.
Tamaru’s construction yields solvmanifolds which are naturally homogeneous submanifolds of
symmetric spaces of noncompact type; however, they generally are not totally geodesic subalgebras.
When Tamaru’s method is extended to construct the Einstein solvmanifolds here, which are attached
to associated solvmanifolds, we get completely new examples. We show, by isometry groups, that
they cannot be submanifolds of symmetric spaces. Furthermore, we show that while our examples
have constant negative Ricci curvature, they admit two-planes of positive sectional curvature.
The category of solvmanifolds is a natural place to look for Einstein manifolds of negative Ricci
curvature. All known examples of homogeneous Einstein manifolds of negative Ricci curvature
are Riemannian solvmanifolds. Indeed, in 1975 Alekseevskii conjectured that every noncompact
homogeneous Einstein manifold is a solvmanifold [Al]. There has been much recent progress toward
determining existence of Einstein manifolds of negative Ricci curvature, and more generally, Ricci
solitons (e.g. [J1, J2, J3, L1, L2, L3, LW, N, P]).
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2. Preliminaries
A solvable Lie group S together with a left-invariant metric g is called a Riemannian solvmanifold.
Ametric Lie algebra is a Lie algebra endowed with an inner product. The left-invariant metric g on a
solvmanifold S defines an inner product 〈 , 〉 on the Lie algebra s of S. Conversely, an inner product
on a Lie algebra s defines a unique left-invariant metric on S, the corresponding simply connected
solvable Lie group. Given the one-to-one correspondence between simply connected Riemannian
solvmanifolds and solvable metric Lie algebras, it makes sense to work at the Lie algebra level.
Definition. Let (S, g) be a simply connected Riemannian solvmanifold, and let (s, 〈 , 〉) be the
corresponding solvable metric Lie algebra. Write s = a⊕ n, where n is the nilradical of s. We say
the metric Lie algebra (s, 〈 , 〉) and the solvmanifold (S, g) are of Iwasawa type if
(i) a is abelian,
(ii) for all A ∈ a, (adA) is symmetric relative to the inner product 〈 , 〉 on s,
(iii) if A 6= 0, (adA) 6= 0, and
(iv) for some A0 ∈ a, the restriction (adA0)|n is positive definite on n.
Definition. We say two metric Lie algebras are isomorphic if there exists a Lie algebra isomorphism
ϕ : s → s′ which is also an inner product space isometry.
In what follows, all solvmanifolds will be of Iwasawa type, with real roots. This guarantees our
solvmanifolds are in standard position within the identity component of the isometry group of S
[GW]. In this case, the question of when two solvmanifolds are isometric is answered at the metric
Lie algebra level.
Theorem 2.1. [GW, 5.2] Let (s, 〈 , 〉) and (s′, 〈 , 〉′) be data in standard position for simply con-
nected Riemannian solvmanifolds S and S′, respectively. Then S′ is isometric to S if and only if
their corresponding metric Lie algebras are isomorphic.
We will use this to verify that our examples are distinct from previously described solvmanifolds.
2.1. Symmetric spaces and subalgebras. Some solvmanifolds correspond to symmetric spaces
of non-compact type in the following way (see Helgason [Hel] for more details). Given a noncompact
symmetric space M , let G = Isom(M), the full isometry group. The isotropy subgroup K at a
point of M is a maximal compact subgroup of G, so that M ∼= G/K. The Lie algebra g of G
admits an Iwasawa decomposition g = k + a+ n where k is the Lie algebra of K, a is abelian, n is
nilpotent. We note that the solvable Lie subgroup S of G, with Lie algebra s := a+ n, acts simply
transitively on M , so that we may identify M with the solvmanifold S.
Alternatively—equivalently—we may begin with a semisimple Lie algebra g and a Cartan invo-
lution σ on g. Via the Cartan involution σ, we obtain a decomposition g = k + p, where σ|k = Id,
σ|p = − Id. Using the Killing form B, we define Bσ(X,Y ) := −B(X,σ(Y )), an adk-invariant inner
product on g.
Let a be a maximal torus in p. We let ∆ denote a root system of g, and we take the root space
decomposition g = g0 +
∑
α∈∆ gα, where gα = {X ∈ g | (adA)X = α(A)X for all A ∈ a}, g0 is the
centralizer of a in g. Denote by ∆+ the set of positive roots and take Λ ⊂ ∆+ to be a set of simple
roots. Using ∆+, we define n :=
∑
α∈∆+ gα, the nilradical of g. Define s := a + n, endowed with
this inner product induced from Bσ: 〈 , 〉 = 2Bσ|a×a +Bσ|n×n. It is straightforward to see that the
corresponding simply connected solvmanifold is a symmetric space, and the rank of the symmetric
space is |Λ|, the number of elements in Λ (cf. [Hel, p.532]).
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We are ready to describe Tamaru’s metric Lie subalgebras sΛ′ [T2]. We begin with a description
of the subalgebra construction, then we review his proof that the appropriate metric on sΛ′ has
constant Ricci curvature.
We have Λ = {α1, . . . , αr}, the set of simple roots. We take a dual basis {H1, . . . ,Hr} in a, so
that αi(H
j) = δij . Choose a characteristic element,
Z = ci1H
i1 + ci2H
i2 + · · ·+ cikH ik ,
for positive integers ci1 , . . . , cik . Note that every eigenvalue of adZ is an integer [KA]. For each
j ∈ Z, define gj :=∑α(Z)=j gα, summing over α ∈ ∆. For any choice of characteristic element Z,
the eigenspace decomposition g =
⊕
gj gives a grading of g: [gi, gj ] ⊂ gi+j for all i, j ∈ Z. Define
Λ′ = {αi ∈ Λ | αi(Z) = 0}. Equivalently, Λ′ = Λ \ {αi1 , . . . , αik}.
Just as g0 is the centralizer of a in g, we denote by k0 the centralizer of a in k. The subalgebra
k0⊕a⊕n is called a minimal parabolic subalgebra of g. Any subalgebra q ⊂ g which contains k0⊕a⊕n
(up to conjugation) is a parabolic subalgebra. Every parabolic subalgebra can be constructed from
a subset Λ′ ⊂ Λ [Kn, 7.76]. In [T2, 3.6], Tamaru proves qΛ′ :=
∑
k≥0 g
k is a parabolic subalgebra
of g. On qΛ′ , one has the following Langlands decomposition [T2, 3.8]:
• aΛ′ = span{H i1 , . . . ,H ik},
• mΛ′ = g0 ⊖ aΛ′ ,
• nΛ′ =
∑
k>0 g
k.
Finally, our solvable metric Lie algebra is sΛ′ := aΛ′+nΛ′ , endowed with the inner product inherited
from that of g: 〈 , 〉 = 2Bσ|aΛ′×aΛ′ + Bσ|nΛ′×nΛ′ . We say the corresponding simply connected
solvmanifold (SΛ′ , g) is an attached solvmanifold.
Remark. A subset Λ′ ⊂ Λ is said to be trivial if Λ′ and Λ \ Λ′ are orthogonal. Provided Λ′ ⊂ Λ is
nontrivial, the solvmanifold (SΛ′ , g) will not be a totally geodesic submanifold of (S∅, g) [T2, 6.4].
Proposition 2.2. [T2, 4.4] When Λ′ is chosen to be the empty set, the attached solvmanifold
(s∅ = a∅ + n∅, 〈 , 〉) is a symmetric space and an Einstein manifold.
Now, take any nonempty Λ′. Tamaru proves that sΛ′ = aΛ′ + nΛ′ is a subalgebra of s∅, and the
Ricci curvature of sΛ′ is the same as that of s∅. Thus (sΛ′ , 〈 , 〉) is an Einstein solvmanifold [T2,
5.3]. We outline Tamaru’s proof below.
2.2. Ricci curvature. Recall the sectional and Ricci curvature formulae, viewed as bilinear forms
on s (cf. [Bes]). Let {X1, . . . ,Xn} be an orthonormal basis for s. The Levi-Civita connection ∇XY
of (S, g) is given by
∇XY = 12 [X,Y ] + U(X,Y )
where U : s× s→ s is the symmetric bilinear form satisfying
〈U(X,Y ), Z〉 = 12〈[Z,X], Y 〉+ 12〈[Z, Y ],X〉.
Let B denote the Killing form for s. Then for a pair of orthonormal vectors X, Y ∈ s, the sectional
curvature of the two-plane spanned by X and Y is given by
K(X,Y ) = −34 |[X,Y ]|2 − 12〈[X, [X,Y ]], Y 〉 − 12〈[Y, [Y,X]],X〉 + |U(X,Y )|2 − 〈U(X,X), U(Y, Y )〉.
The Ricci curvature is given by
Ric(X,Y ) = −12
∑
i
〈[X,Xi], [Y,Xi]〉 − 12B(X,Y ) + 14
∑
i,j
〈[Xi,Xj ],X〉〈[Xi,Xj ], Y 〉 − 〈U(X,Y ),H0〉
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where H0 =
∑
U(Xi,Xi) is the mean curvature vector.
Since these solvable metric Lie algebras are of Iwasawa type, the Ricci curvature expression
simplifies:
Lemma 2.3. [W, 1.4] Let Ric denote the Ricci curvature tensor on s = a⊕n, a solvable metric Lie
algebra. Let Ricn denote the Ricci curvature tensor on n. For X ∈ n, A,A′ ∈ a,
(i) Ric(A,A′) = − tr(adA ◦ adA′),
(ii) Ric(A,X) = 0,
(iii) Ric(X) = Ricn(X) − 〈[H0,X],X〉, where H0 is the mean curvature vector.
The proof that Ricci curvature is unchanged relies on Wolter’s lemma and these observations.
(Recall, g0 is the sum of the root spaces gα for which α(Z) = 0.)
(1) Since [aΛ′ , g
0] = 0, we see tr(adA ◦ adA′)|nΛ′ = tr(adA ◦ adA′)|n∅ for all A,A′ ∈ aΛ′ . Thus
RicsΛ′ (A,A′) = 14〈A,A′〉 = Rics∅(A,A′).
(2) For any A ∈ aΛ′ and any X ∈ nΛ′ , RicsΛ′ (A,X) = 0 = Rics∅(A,X).
(3) Let {E′i} be an orthonormal basis for nΛ′ , and let {E⊥j } be an orthonormal basis for n∅⊖nΛ′ .
Define H ′0 =
1
2
∑
[σE′i, E
′
i] and H
⊥ = 12
∑
[σE⊥j , E
⊥
j ], so that H0 = H
′
0 + H
⊥
0 . Hence
Rics∅(X,Y ) = 〈Ricn∅(X), Y 〉 − 〈[H0,X], Y 〉, RicsΛ′ (X,Y ) = 〈RicnΛ′ (X), Y 〉 − 〈[H ′0,X], Y 〉.
(4) We see Ricn∅(X) = −14
∑
[Ei, [σEi,X]n∅ ] +
1
2
∑
[σEi, [Ei,X]]n∅ ,
and RicnΛ′ (X) = −14
∑
[E′j , [σE
′
j ,X]nΛ′ ] +
1
2
∑
[σE′j , [E
′
j ,X]]nΛ′ .
Using these, Tamaru proves Ricn∅(X)− RicnΛ′ (X) = [H⊥0 ,X] for all X ∈ nΛ′ . Thus,
Rics∅(X,Y )− RicsΛ′ (X,Y ) = 〈Ricn∅(X)− RicnΛ′ (X), Y 〉 − 〈[H0 −H ′0,X], Y 〉
= 〈[H⊥0 ,X], Y 〉 − 〈[H⊥0 ,X], Y 〉 = 0.
2.3. Associated solvmanifolds. We now review the method in [GK, 4.2] of modifying the al-
gebraic structure of a solvmanifold while preserving the Ricci curvature. We begin with our real
semisimple Lie algebra g. Let gR = (g)C, the complexification of g, viewed as a real Lie algebra.
View g, and also s, as subalgebras of gR. Recall that the root spaces gα are mutually orthogonal
relative to the inner product defined by the symmetric metric on S.
Definition. There exists an adapted orthonormal basis B of the subspace n of s such that
• each basis vector lies in some gβ,
• the bracket of any two basis vectors is a scalar multiple of another basis vector,
• for any X, Y , and U basis vectors with Y 6= U , then [X,Y ] ⊥ [X,U ].
Definition. Let B be an adapted orthonormal basis B for n. Consider a new subspace of gR with
basis B′, where we obtain B′ from B by replacing some of the vectors X ∈ B by √−1X. Our
new subspace n′ will be a nilpotent algebra provided it is closed under the bracket operation in
g. The brackets of the basis vectors in n′ differ only by a sign from their corresponding brackets
in n. Notice the subalgebra a of gR normalizes n′. We choose the inner product on n′ which
makes B′ orthonormal, and choose the inner product on s′ := a⊕ n′ as an orthogonal sum of inner
product spaces. Then s′ is a solvable metric Lie algebra. We say the corresponding Riemannian
solvmanifold S′ is associated to the symmetric space G/K.
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Remark. The simply connected solvmanifold S′ corresponding to s′ is an Einstein manifold: the
sign changes are cancelled out in the Ricci curvature equation [GK, 4.3]. It has since been proved
that whenever n and n′ are two real nilpotent Lie algebras whose complexifications are isomorphic,
if n is an Einstein nilradical then n′ is as well ([N, 6],[J3, 6.5]).
We note that one can first construct an associated solvmanifold S′ (associated to S), then
consider the solvmanifolds S′Λ′ attached to S′. Alternatively, one can start from solvmanifold S,
construct the solvmanifolds SΛ′ attached to S, and from there, create their associated solvmanifolds
SΛ′
′. These two techniques can be combined in either order to obtain the same new Einstein
solvmanifolds.
2.4. Isometries of solvmanifolds. We come to the issue of determining whether we have indeed
created new solvmanifolds. We verify that these examples are distinct from Tamaru’s. To do this,
we note that every attached solvmanifold SΛ′ will inherit isometries from S∅.
Proposition 2.4. Consider Isom(SΛ′), the group of isometries of our solvmanifold. LetMΛ′ denote
the compact component of Isom(SΛ′). Then M∅ ⊆MΛ′ .
Proof. We know from the work of Gordon and Wilson that the compact component M of the
isometry group of a solvmanifold S is the normalizer of A in K, the maximal compact subgroup of
G = Isom(S) [GW]. That is, M∅ is the normalizer of A in K (here S∅ = G/K, and G = Isom(S∅) =
KAN). The isometries of a solvmanifold S must preserve root spaces; hence all isometries of S∅
take SΛ′ to itself. Our conclusion, M∅ ⊆MΛ′ , follows directly [GW, La. 6.4]. 
Now, we contrast the attached solvmanifold case with the case of associated solvmanifolds.
Proposition 2.5. [GK, 4.4] If S′ and S′′ are two Riemannian solvmanifolds associated with G/K,
then S′ is isometric to S′′ if and only if there exists an automorphism φ of the root system (i.e., a
Weyl group element) and an isomorphism τ : n′ → n′′ such that τ(n′α) = n′′φ(α) for all roots α.
Proposition 2.6. Let S′ be a solvmanifold associated to the symmetric space G/K. Consider
Isom(S′), the group of isometries of our solvmanifold S′. Let M denote the compact component of
Isom(G/K) and M ′ denote the compact component of Isom(S′). Then M ′ ⊂M .
Proof. Recall, M ⊂ Isom(G/K) is the normalizer of A in K. Since the isometries in M ′ must
preserve root spaces, we see that when a selection of basis vectors X are replaced by
√−1X to
construct B′ (and hence S′), some isometries may be lost. 
In what follows, in each case we will verify that for our associated solvmanifolds S′, M ′ ( M .
That is, the compact component M ′ of Isom(S′) is a proper subset of M .
3. New Examples
3.1. SO(p, q)/SO(p)SO(q), SU(p, q)/S(U(p)U(q)), and Sp(p, q)/Sp(p)Sp(q). We start
with the noncompact symmetric spaces of the form SO(p, q)/S(O(p)O(q)), SU(p, q)/S(U(p)U(q))
or Sp(p, q)/Sp(p)Sp(q). Without loss of generality, we may assume that q ≥ p, so that the rank of
these symmetric spaces is p. Then
g = {A ∈ gl(p + q,F) | AM = −MAt} where M =
(
Idp 0
0 − Idq
)
,
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where F = R in the case of so(p, q), F = C in the case of su(p, q), and F = H in the case of sp(p, q).
Elements of g may be written in matrix block form this way,

A B CBt D E
Ct −Et F

 , such that blocks
A,B,D are p × p, blocks C,E are p × (q − p), and block F is (q − p)× (q − p), and furthermore,
A = −At, D = −Dt, F = −F t, while B,C,E are arbitrary.
We consider the maximal torus a consisting of the matrices in g for which B is diagonal, and all
other blocks are zero. Let {ω1, . . . , ωp} denote the basis of duals to the standard basis for the set
of diagonal elements of B. Then we may choose the set of positive roots
∆+ = {ωi | 1 ≤ i ≤ p} ∪ {ωj ± ωi | 1 ≤ i < j ≤ p} (orthogonal)
∆+ = {ωi | 1 ≤ i ≤ p} ∪ {ωj ± ωi | 1 ≤ i < j ≤ p} ∪ {2ωi | 1 ≤ i ≤ p} (unitary, symplectic).
We may take Λ = {ω1, ω2 − ω1, ω3 − ω2 . . . , ωp − ωp−1} as the fundamental system. We give bases
of root vectors below. In what follows, Eij is the skew-symmetric matrix with 1 in the (i, j) entry,
−1 in the (j, i) entry and zeroes elsewhere; Fij is the symmetric matrix with 1 in the (i, j) and
(j, i) entries and zeroes elsewhere. (While the basis elements for Λ above are not orthogonal, the
basis vectors below are orthonormal.)
nωk = span{Ukm = (Fkm + Ep+k,m), ǫ Vk,m = ǫ(Ekm + Fp+k,m) | 2p+ 1 ≤ m ≤ p+ q}
nωj−ωi = span{Y −jk = 1√2(Ejk + Ep+j,p+k − Fj,p+k − Fk,p+j),
ǫ Z−jk =
ǫ√
2
(Fjk + Fp+j,p+k − Ej,p+k +Ek,p+j)}
nωj+ωi = span{Y +jk = 1√2(Ejk − Ep+j,p+k − Fj,p+k + Fk,p+j),
ǫ Z+jk =
ǫ√
2
(Fjk − Fp+j,p+k − Ej,p+k −Ek,p+j)}
n2ωk = span{ǫWk = ǫ(Fkk − Fp+k,p+k − Ek,p+k)}
The basis vectors of type Vij, Z
±
ij and Wj occur only in the unitary and symplectic cases, and
ǫ2 = −1. In the unitary case, ǫ = i. In the symplectic case, ǫ ∈ {i, j, k}.
Notice that for each k, the root space nωk lies in W =



 0 0 C0 0 C
Ct −Ct 0



. In particular, nωk
is the space for which all but the kth row of C is zero. Meanwhile, the root spaces nωj−ωi , nωj+ωi ,
and n2ωi lie in

∗ ∗ 0∗ ∗ 0
0 0 0

. These observations will be useful in what follows.
In the case that our space has q − p ≥ 2, we obtain an associated solvmanifold as follows. For
any integer a with 1 ≤ a ≤ q − p and for b such that a + b = q − p, we obtain a decomposition
W =Wa ⊕Wb. In Wa, the last b columns of C are all zero. In Wb, the first a columns of C are all
zero.
We construct sa by replacing each X in Wb by X
′ =
√−1X in sC, leaving Wa unchanged. With
the following observations it is clear that sa is closed under the bracket in s
C:
(i) W commutes with all root spaces of type n2ωi , nωj+ωi
(ii) Wb commutes with Wa
(iii) The maximal torus a and the root spaces nωj−ωi normalize each of Wa and Wb.
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The associated simply connected solvmanifold Sa corresponding to sa is Einstein. Yet Sa, unlike
the symmetric manifold, admits some positive sectional curvature. Thus Sa cannot be isometric to
its corresponding symmetric associate.
To see a two-plane in Sa admitting positive curvature, let i and j be integers with 1 ≤ i ≤ a <
j ≤ a+ b. For 1 ≤ k < l ≤ p, let Xk be the element of nωk for which C has (k, i) and (k, j) entries
equal to 1√
2
and all other entries zero, and let Xl in nωl be defined analogously. Let X
′
k and X
′
l be
the corresponding unit vectors in sa. Then we have [X
′
k,X
′
l ] = 0 and 〈U(X ′k,X ′k), U(X ′l ,X ′l)〉 = 0.
On the other hand, U(X ′k,X
′
l) is a nonzero element of nωl−ωk . Thus K(X
′
k,X
′
l) > 0 [GK].
Remark. Two solvmanifolds Sa and Sa′ both associated to S will be isometric to each other if and
only if either a = a′ or a = (q − p)− a′, by Prop. 2.5.
In the construction of our solvable Lie group sa out of s, the maximal torus a, the root system ∆
and the fundamental system Λ are unchanged. Thus we have a dual basis for a, {H1,H2, . . . ,Hp},
such that H i is dual to the ith element of Λ. Each choice of characteristic element Z = ci1H
i1 +
· · · + cikH ik (with cij ∈ Z+), determines Λ′ ⊂ Λ and, in turn, Λ′ determines a solvable metric Lie
subalgebra (sa)Λ′ = aΛ′ + (na)Λ′ ⊂ sa. This proves the statement below.
Proposition 3.1. Let Sa be a solvmanifold associated to a solvmanifold corresponding to a noncom-
pact symmetric space of type SO(p, q)/S(O(p)O(q)), SU(p, q)/S(U(p)U(q)) or Sp(p, q)/Sp(p)Sp(q),
in the sense of [GK]. Let (Sa)Λ′ be an attached solvmanifold to Sa.Then ((Sa)Λ′ , g
′) is an Einstein
solvmanifold.
For each such symmetric space, there are ⌊ q−p2 ⌋ associated Einstein solvmanifolds (without loss
of generality, q ≥ p). For each associated solvmanifold, there are approximately 2p − 1 attached
solvmanifolds (depending on the size of the Weyl group).
Remark. The compact subgroup of isometries of G/K isM = SO(q−p), which corresponds exactly
to the block labeled F in our matrix diagram. The subspace W is invariant under the elements of
M . For the associated solvmanifold Sa, the compact subgroup of isometries isMa = SO(a)SO(b) ⊂
SO(q − p), elements for which now each of the separate components Wa and Wb are invariant (if
a = b, Ma also has a Z/2Z factor, interchanging Wa and Wb).
Analogous statements hold for the unitary and symplectic symmetric spaces.
Example. We will consider the specific example of S ∼= S∅, the solvmanifold which corresponds to
the symmetric space SO(3, 5)/SO(3)SO(5). From there we construct an associated solvmanifold
S1, still Einstein but no longer symmetric; for example, our solvmanifold is no longer negatively
curved. Finally, we will choose a nontrivial subset Λ′ ⊂ Λ of fundamental roots, to study an
attached submanifold (S1)Λ′ ⊂ S1.
On the Lie algebra level, we start with g = so(3, 5), k = so(3)so(5), and }. As described above,
a is made up of the matrices in g for which B is diagonal and all other blocks are zero. The basic
roots are given by Λ = {ω1, ω2 − ω1, ω3 − ω2}. The set of positive roots is
∆+ = Λ ∪ {ω2, ω3, ω2 + ω1, ω3 + ω2, ω3 ± ω1}.
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The vectors listed here give an adapted basis for S:
a = span{F14, F25, F36},
nωk = span{Ukm = Fkm + E3+k,m | m = 7, 8}, k = 1, 2, 3,
nωj±ωi = span{Y ±ij = 1√2(Eij − Fi,3+j ± Fj,3+i ∓ E3+i,3+j)}, 1 ≤ i < j ≤ 3.
In this example, there is only one non-isomorphic associated solvmanifold, S1: take a = b = 1 in
the description above. ThenWa = span{U17, U27, U37} andWb = span{U18, U28, U38}. To construct
our associated solvmanifold S1, we replace Ui7 with
√−1Ui7, for i = 1, 2, 3. Here we note that S1 is
different from S; we show we have introduced positive sectional curvature. Let X = 1√
2
(U27+U28)
and Y = 1√
2
(U37 + U38). Then [X,Y ] = 0. Meanwhile, U(X,Y ) is a nonzero element of nω3−ω2 ,
whereas 〈U(X,X), U(Y, Y )〉 = 0. Thus we get K(X,Y ) = |U(X,Y )|2 > 0.
Next, we consider a characteristic element Z in a: we take Z = H1 +H2 = F14 + 2F25 + 2F36.
With this choice of Z, we find that Λ′ = {α ∈ Λ | α(Z) = 0} = {ω3− ω2}. Now nω3−ω2 is removed.
We consider the same section as above, X = 1√
2
(U27+U28) and Y =
1√
2
(U37+U38). One sees that
we still have [X,Y ] = 0, but now UΛ′(X,Y ) = 0. And because we must project from a∅ to aΛ′ , we
see 〈UΛ′(X,X), UΛ′ (Y, Y )〉 > 0. Thus the section which has positive sectional curvature in S1 has
negative sectional curvature in (S1)Λ′ .
3.2. SO(n,H)/U(n). We now consider the noncompact symmetric space SO(n,H)/U(n), of rank
m = ⌊n2 ⌋. We have
g = so(n,H) =
{(
X Y
−Y X
)
∈ gl(2n,C) | X = −Xt, Y = Y t
}
.
Within g we consider the maximal torus a = {Hj = i√2(E2j−1,2j − En+2j−1,n+2j) | j = 1, . . . ,m}.
We choose the set of positive roots
∆+ = {ωj ± ωk | 1 ≤ j < k ≤ m} ∪ {2ωj | j = 1, . . . ,m} (if n even)
∆+ = {ωj ± ωk | 1 ≤ j < k ≤ m} ∪ {2ωj | j = 1, . . . ,m} ∪ {ωj | j = 1, . . . ,m} (if n odd).
For completeness, we describe the root spaces below (see [GK, 4.2]):
nωj±ωk = span{A±jk =12((E2j−1,2k−1 ∓ E2j,2k + En+2j−1,n+2k−1 ∓ En+2j,n+2k)
+i(∓E2j−1,2k − E2j,2k−1 ±En+2j−1,n+2k +En+2j,n+2k−1)),
B±jk =
1
2((E2j−1,2k ± E2j,2k−1 + En+2j−1,n+2k ± En+2j,n+2k−1)
+i(±E2j−1,2k−1 − E2j,2k ∓En+2j−1,n+2k−1 + En+2j,n+2k)),
C±jk =
1
2((E2j−1,n+2k ∓ E2j,n+2k−1 ∓E2k−1,n+2j + E2k,n+2j−1)
+i(∓E2j−1,n+2k−1 − E2j,n+2k ± E2k−1,n+2j−1 + E2k,n+2j)),
D±jk =
1
2((E2j−1,n+2k−1 + E2k−1,n+2j−1 ± E2j,n+2k ± E2k,n+2j)
+i(±E2j−1,n+2k − E2j,n+2k−1 + E2k−1,n+2j ∓ E2k,n+2j−1))};
n2ωk = span{Gk = 1√2((E2k−1,n+2k−1 + E2k,n+2k) + i(E2k−1,n+2k − E2k,n+2k−1))};
(and if n odd) nωk = span{Xk = 1√2((E2k,n + En+2k,2n) + i(E2k−1,n − En+2k−1,2n)),
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Yk =
1√
2
((E2k−1,n + En+2k−1,2n)− i(E2k,n − En+2k,2n)),
Zk =
1√
2
((E2k,2n +En,n+2k) + i(E2k−1,2n − En,n+2k−1)),
Wk =
1√
2
((E2k−1,2n + En,n+2k−1)− i(E2k,2n − En,n+2k))}.
In the case that n is even, we can modify s by replacing each of the basis elements B−jk, C
−
jk, A
+
jk,
D+jk and Gk by its respective product with
√−1, an element of sC, the complexified Lie algebra.
In the case that n is odd, instead we modify s by replacing each of the basis elements Xk, Zk,
B+jk, C
+
jk, B
−
jk, C
−
jk by its respective product with
√−1. In either case, with this changed basis, we
obtain a new Lie algebra s′ associated to s, and the corresponding simply-connected Riemannian
solvmanifold S′ is Einstein.
As with the previous examples, these new solvmanifolds are not isomorphic to their associated
symmetric solvmanifolds. To see this, we show here that S′ admits some positive sectional curvature
[GK]. To construct a two-plane of positive curvature, we set
X =
1√
2
((A−j,j+1)
′ + (B−j,j+1)
′) and Y =
1√
2
((C−j+1,j+2)
′ + (D−j+1,j+2)
′).
Then one sees that while [X,Y ] = 0 and U(X,Y ) = 0, we have U(X,X) = 1√
2
(Hj − Hj+1) and
U(Y, Y ) = 1√
2
(Hj+1 −Hj+2). Thus
K(X,Y ) = −〈U(X,X), U(Y, Y )〉 = −〈 1√
2
(Hj −Hj+1), 1√2(Hj+1 −Hj+2)〉 =
1
2‖Hj+1‖ > 0.
Proposition 3.2. Let S′ be the solvmanifold associated to a solvmanifold corresponding to a non-
compact symmetric space of type SO(n,H)/U(n), in the sense of [GK]. Let m = ⌊n2 ⌋. Let S′Λ′ be
an attached solvmanifold to S′ in the sense of [T2]. Then (S′Λ′ , g′) is an Einstein solvmanifold.
Proof. In the construction of our solvable Lie group s′, the maximal torus a, the root system ∆, and
the fundamental system Λ are unchanged from s. We have a dual basis for a, {H1,H2, . . . ,Hm} such
thatH i is dual to the ith element of Λ. Each choice of characteristic element Z = ci1H
i1+· · ·+cikH ik
(each cij ∈ Z+), determines Λ′ ⊂ Λ and, in turn, Λ′ determines an attached solvable metric Lie
subalgebra s′Λ′ = aΛ′ + n
′
Λ′ ⊂ s′. 
For each n, there is one associated Einstein solvmanifold, and for each associated solvmanifold,
there are approximately 2m − 1 attached solvmanifolds (depending on the number of symmetries
of the Dynkin diagram).
Remark. The compact subgroup of isometries of G/K is M = SO(4) (where the action permutes
A±jk, B
±
jk, C
±
jk and D
±
jk, preserving the plus or minus type). For the associated solvmanifold S
′, the
analogous compact subgroup of isometries is M ′ = SO(2)SO(2).
3.3. SL(n,H)/Sp(n). Finally, we consider the noncompact symmetric space SL(n,H)/Sp(n), of
rank n− 1. Here
g = sl(n,H) =
{(
X −Y¯
Y X¯
)
| X,Y ∈ gl(n,C), tr(X + X¯) = 0
}
.
Within g we have a = {diag(a1, . . . , an, a1, . . . , an) ∈ gl(2n,R) |
∑n
i=1 ai = 0}. For an arbitrary
element H = diag(a1, . . . , an, a1, . . . , an) ∈ a, define ωj ∈ a∗ by ωj(H) = aj . The positive roots are
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∆+ = {ωk − ωj | 1 ≤ j < k ≤ n}. The root spaces are described below (see [GK, 4.3]):
nωj−ωk = span{Ajk = i
√
2 (Fjk − Fn+j,n+k), Bjk = i
√
2 (Fj,n+k + Fn+j,k),
Cjk =
√
2 (Fj,n+k − Fn+j,k), Djk =
√
2 (Fjk + Fn+j,n+k)}.
We modify s by replacing each Ajk and Cjk by their respective products with
√−1, to get new
elements of sC for every 1 ≤ j < k ≤ n. With these changes, we obtain a new Lie algebra s′
associated to s, and the corresponding simply-connected Riemannian solvmanifold S′ is Einstein.
We show that, since S′ admits some positive sectional curvature, it cannot be isomorphic to
S, the symmetric solvmanifold [GK]. Let X = 1√
2
(A′ij + B
′
ij) and Y =
1√
2
(C ′jk + D
′
jk). Then
we see [X,Y ] = 0 and U(X,Y ) = 0, while U(X,X) = Hij and U(Y, Y ) = Hjk (here Hij =
Xii −Xjj +Xn+i,n+i −Xn+j,n+j in a). Thus
K(X,Y ) = −〈U(X,X), U(Y, Y )〉 = −〈Hij,Hjk〉 > 0.
Proposition 3.3. Let S′ be the solvmanifold associated to a solvmanifold corresponding to a non-
compact symmetric space of type SL(n,H)/Sp(n), in the sense of [GK]. Let S′Λ′ be an attached
solvmanifold to S′ in the sense of [T2]. Then (S′Λ′ , g′) is an Einstein solvmanifold.
For each such symmetric space, there is one associated Einstein solvmanifold, and for each
associated solvmanifold, there are approximately 2n−1 − 1 attached solvmanifolds (depending on
the number of symmetries of the Dynkin diagram).
Remark. As in the previous family of examples, the compact subgroup of isometries of G/K is
M = SO(4) (where the action permutes Ajk, Bjk, Cjk and Djk). For the associated solvmanifold
S′, the analogous compact subgroup of isometries is M ′ = SO(2)SO(2).
References
[Al] D. V. Alekseevskii, Homogeneous Riemannian spaces of negative curvature, Mat. Sb. 25 (1975), 87-109; English
transl, Math. USSR-Sb. 96 (1975), 93-117.
[AW1] R. Azencott and E. N. Wilson, Homogeneous Manifolds with Negative Curvature, I, Transactions, A.M.S. 215
(1976), 323-362.
[AW2] R. Azencott and E. N. Wilson, Homogeneous Manifolds with Negative Curvature, II, Memoirs, A.M.S. 8
(1976), no. 178.
[Bes] A. Besse, Einstein Manifolds, Springer, 1987.
[GK] C. S. Gordon and M. M. Kerr, New homogeneous Einstein metrics of negative Ricci curvature, Ann. Global
Anal. Geom. 19 (2001), no. 1, 75-101.
[GW] C. S. Gordon and E. N. Wilson, Isometry Groups of Riemannian Solvmanifolds, Transactions A.M.S. 307
(1988) no. 1, 245-269.
[Hb] J. Heber, Noncompact homogeneous Einstein spaces, Invent. Math. 133 (1998), 279-352.
[Hel] S. Helgason, Differential geometry, Lie groups and symmetric spaces. Academic Press (1978)
[J1] M. Jablonski, Moduli of Einstein and non-Einstein nilradicals, Geom. Dedicata 152 (2011), 63-84.
[J2] M. Jablonski, Concerning the existence of Einstein and Ricci soliton metrics on solvable Lie groups, Geom.
Topol. 15 (2011), no. 2, 735-764.
[J3] M. Jablonski, Distinguished orbits of reductive groups, Rocky Mountain J. Math. 42 (2012), no. 5, 1521-1549.
[KA] S. Kaneyuki and H. Asano, Graded Lie algebras and generalized Jordan triple systems, Nagoya Math. J. 112
(1988), 81-115.
[Kn] A. Knapp, Lie Groups: Beyond an Introduction, Birkha¨user, 1996.
[L1] J. Lauret, Einstein solvmanifolds and nilsolitons, New developments in Lie theory and geometry, 135, Contemp.
Math. 491, Amer. Math. Soc., Providence, RI, 2009.
[L2] J. Lauret, Einstein solvmanifolds are standard, Ann. of Math. (2) 172 (2010), no. 3, 1859-1877.
NEW EINSTEIN METRICS 11
[L3] J. Lauret, Ricci soliton solvmanifolds, J. Reine Angew. Math. 650 (2011), 1-21.
[LW] J. Lauret and C. Will, Einstein solvmanifolds: existence and non-existence questions, Math. Ann. 350 (2011),
no. 1, 199-225.
[N] Y. Nikolayevsky, Einstein solvmanifolds and the pre-Einstein derivation, Trans. Amer. Math. Soc. 363 (2011),
no. 8, 3935-3958.
[P] T. Payne, The existence of soliton metrics for nilpotent Lie groups, Geom. Dedicata 145 (2010), 71-88.
[T1] H. Tamaru, Homogeneous submanifolds in noncompact symmetric spaces, Proceedings of the 14th International
Workshop on Differential Geometry, 14 (2010), 111-144.
[T2] H. Tamaru,Parabolic subgroups of semisimple Lie groups and Einstein solvmanifolds, Math. Ann. 351 (2011),
no. 1, 51-66.
[T3] H. Tamaru, Parabolic subgroups and submanifold geometry of noncompact symmetric spaces, Proceedings of
the 15th International Workshop on Differential Geometry, 15 (2011), 29-38.
[W] T. H. Wolter, Einstein Metrics on Solvable Groups, Math. Z. 206 (1991), 457-471.
Department of Mathematics, Wellesley College, 106 Central St., Wellesley, MA 02481
E-mail address: mkerr@wellesley.edu
